ABSTRACT This paper investigates the transceiver optimization of full-duplex multiple-input multipleoutput decode-and-forward (DF) relaying by taking into account the practical factor of limited dynamic range (LDR). Focusing on the maximization of end-to-end achievable rate which involves highly coupled variables, we develop a convergent block coordinate ascent (BCA) algorithm to deal with the complicated optimization problem. In each iteration of BCA, the optimal source beamformer, relay receive beamformer, and destination receive beamformer all admit closed-form solutions. As for the optimization of relay transmit beamformer, we transform the corresponding non-convex maximin problem into a single second-order cone program problem which thus allows an efficient optimal solution. Simulations validate the remarkable performance gain attained by incorporating LDR into the full-duplex DF relaying transceiver optimization.
I. INTRODUCTION
Full-duplex relaying enjoys the merits of improving the data rate and coverage of wireless communication systems. As an enhanced version, multiple-input multiple-output (MIMO) based full-duplex relaying further utilizes spatial resources for performance improvement and has gained a number of interests [1] - [13] .
To fully exploit the potential benefits brought by fullduplex MIMO relaying, several efforts have been devoted to performing transceiver designs, e.g., [2] - [9] . Due to the existence of self-interference, it turns out that the transceiver optimization for the traditional half-duplex relaying [14] - [17] cannot be trivially extended to the full-duplex case. Specifically, the authors of [2] - [5] optimized the transceiver for fullduplex MIMO relaying by nulling out the self-interference in the spatial domain. In these works, some numerical algorithms were developed to handle the difficult transceiver optimization problems. Alternatively, [6] - [8] assumed that a large antenna array is available, by which the self-interference can be effectively nulls out using simple linear processing such as maximum ratio transmission (MRT) and maximum ratio combining (MRC). In a recent work, Guo and Wang [9] Different from the above works, the transceiver design under the massive MIMO setup was investigated in [13] .
In this work, we study the end-to-end achievable rate maximization for full-duplex MIMO DF relaying under a practical assumption that the transceiver is subject to LDR. Our main contribution is that we develop an efficient LDR aware transceiver design for the considered system. Concretely, we devise a block coordinate ascent algorithm which solves three subproblems sequentially in each iteration. The subproblem with respect to the relay transmit beamformer is recast as an equivalent second-order cone program (SOCP) problem based on the Charnes-Cooper transformation [18] , while the remaining two subproblems both admit closedform solutions according to the generalized Rayleigh quotient [19] . As a performance benchmark, we also optimize the transceiver for half-duplex MIMO relaying with LDR. It is evidenced via simulations that the proposed algorithm has fast convergence and achieves an evident gain over conventional methods. We note that both our work and [12, Sec. VI] incorporate the factor of LDR into the achievable rate of full-duplex MIMO DF relaying. However, our work differs from [12, Sec. VI] in several aspects. Firstly, the relay transmit beamformer optimization was formulated as a feasibility check problem in [12, Sec. VI], which was addressed via iteratively solving a series of semi-definite programs (SDPs). However, we only need to solve a single SOCP problem to determine the optimal relay transmit beamformer, which requires much lower complexity. Secondly, we consider the limited dynamic range at all three nodes instead of only at the relay node. Finally, we also include source beamformer as a design variable.
Notation: We denote vectors and matrices by boldface lower-case and boldface upper-case letters, respectively | · | and · represent the absolute value of a scalar and the 2 norm of a vector, respectively. (·) H and (·) −1 stand for the Hermitian operation and the matrix inverse operation, respectively. min{a, b} and max{a, b} return the minimum and maximum value of a and b, respectively. E{·} is the expectation operation and diag{·} denotes the diagonal matrix that has the same diagonals as the input matrix. By a ∼ CN (µ, ), we mean that vector a follows complex Gaussian distribution with mean and covariance matrix being µ and , respectively. I represents the identity matrix.
II. SYSTEM MODEL AND PROBLEM FORMULATION
We consider a full-duplex MIMO DF relaying system where the source has N s transmit antennas, the relay has N r receive antennas and N t transmit antennas, and the destination has N d receive antennas. In particular, the DF relay operates in the full-duplex mode while other nodes are in the halfduplex mode. Furthermore, there exist both self-interference and processing delay at the relay node, which are two nonnegligible factors in practical full-duplex systems.
Firstly, the source performs transmit beamforming on its data symbol x[n] satisfying E{|x[n]| 2 } = 1, which gives x s [n] = w s x[n] with w s denoting the source beamforming vector. Due to the limited dynamic range of the transmitter, the actual source transmit signal is a distorted version ofx s [n] , which takes the form [11] , [13] 
where e s [n] ∼ CN (0, κ s diag{w s w H s }) stands for the source transmitter distortion with κ s 1 and it is independent of x s [n] .
The relay received signal can be expressed by
where H sr and H rr denote the source-relay channel and self-interference channel, x r [n] stands for the relay transmit signal, z r [n] represents the relay additive white Gaussian noise (AWGN) whose covariance matrix is σ 2 r I and
}}) with κ r 1 is the relay receiver distortion independent of the undistorted part v r [n] [11] , [13] . We can express x r [n] by
where w t denotes the relay transmit beamformer,x[n − τ ] is the relay transmit symbol satisfying E{|x[n − τ ]| 2 } = 1, τ stands for the processing delay of the relay node, and
, which is independent of x[n], represents the relay transmitter distortion with κ t 1. By substituting (1) and (3) into (2), we update y r [n] by
Note that the term H rr w tx [n − τ ] is known to the relay. Thus, we can cancel partial self-interference by subtracting this term from y r [n], which gives
Upon obtainingỹ r [n], the relay multiplies it by a receive beamformer w H r yielding
Then, by combining (1)- (6), we obtain the signal-to-noise ratio (SNR) of the source-relay link by (7) 
where 
the source data symbol, the destination applies a receive
Then, from (3), (8) and (9), we obtain the SNR of the relay-destination link by (10) , as shown at the top of this page, where rd (
Therefore, the end-to-end achievable rate of the considered full-duplex DF relay system takes the form
where SNR sr and SNR rd are given by (7) and (10), respectively.
The goal of this paper is to jointly optimize the source transmit beamformer w s , the relay receive beamformer w r , the relay transmit beamformer w t and the destination receive beamformer w d to maximize the achievable rate in (11) subject to the transmit power constraints at both source and relay. The corresponding design problem is
where P s and P t are the maximum transmit powers of the source and relay, and the two power constraints follow from (1) and (3). Moreover, we normalize w r and w d since their norms do not affect the objective value. We assume that perfect channel state information (CSI) is available in this work. Such assumption is reasonable when the channel variation is slow and hence the channel estimation accuracy can be high, which happens in a typical scenario with a fixed relay and an indoor low-mobility user terminal. Moreover, the perfect CSI based transceiver design serves as a performance benchmark for the scenario where channel estimation errors are non-negligible. In fact, the transceiver optimization problem for full-duplex MIMO DF relaying is already very complicated and cannot be trivially solved even under the perfect CSI assumption. In the ongoing research, it is worthwhile studying the robust transceiver optimization that further incorporates imperfect CSI, which can enhance system performance in presence of severe CSI errors whereas requiring more advanced optimization techniques and higher computational efforts.
III. RATE MAXIMIZED FULL-DUPLEX DF RELAYING WITH LIMITED DYNAMIC RANGE
It is extremely hard to directly solve the problem in (12) mainly due to the highly coupled variables. To find a tractable and also high-quality solution, we address this difficult problem via the block coordinated ascent (BCA) method which solves the following three subproblems in an alternating fashion:
• optimizing w s and w d with w r and w t fixed;
• optimizing w r with w s and w t fixed;
• optimizing w t with remaining variables fixed. As will be elaborated later, each subproblem admits a globally optimal solution which either has a closed form or can be acquired via solving an SOCP problem.
A. OPTIMAL SOLUTIONS TO w s AND w d WITH w r AND w t FIXED We first conduct optimization over w s and w d by fixing both w r and w t , under which problem (12) reduces to
Fortunately, since variables w s and w d are decoupled, we are able to derive their optimal solutions in closed forms, which are given in the subsequent lemma. Lemma 1: For any fixed w r and w t , the optimal w * s and w * d are given by (14) and (15), as shown at the top of the next page, where 
Similar to Lemma 1, we can also obtain the optimal closedform solution to the above problem via the generalized Rayleigh quotient. The result is shown below with the proof omitted.
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Lemma 2: For any fixed w s and w t , the optimal w * r is expressed by (17) , as shown at the top of this page, where
C. OPTIMAL SOLUTION TO w t WITH OTHER VARIABLES FIXED
At this point, we only need to address the problem with respect to w t with other variables given, which can be written by (18) , as shown at the top of this page, where
r . Unfortunately, this problem does not admit a simple closed-form solution in general since the SNRs of both hops are relevant to w t . Nonetheless, we find that, via some equivalent mathematical transformations, it is possible to find a globally optimal solution to problem (18) via solving a single SOCP problem, whose details are given in the subsequent theorem.
Theorem 1: The optimal w * t to problem (18) can be obtained by
where (w * t , η * ) is the optimal solution to the following SOCP problem: minimizẽ w t ,η≥0,t≥0 t subject to 2w , and solve problem (20) to obtain the optimal (w * t , η * ); calculate w
D. BLOCK COORDINATE ASCENT BASED TRANSCEIVER OPTIMIZATION
Based on the results we achieved above, we now employ the BCA method to solve the original design problem in (12) . Specifically, the four optimization variables are partitioned into three groups, i.e., {w s , w d }, {w r }, and {w t }. In each iteration of the proposed algorithm, we alternatively solve the subproblem with respect to the variable(s) in one group while fixing the variables in the rest groups. All the subproblems have already been addressed in the previous subsection. We show the detailed steps in Algorithm 1. Note that the above algorithm always converges since the objective function has a finite upper bound and its value is non-decreasing in each iteration.
IV. SIMULATION RESULTS
We conduct simulations to test the performance of proposed transceiver design ('FD Opt') for a MIMO DF relay system with limited dynamic range. We also simulate three other schemes as benchmarks, which are full-duplex design ignoring LDR ('FD Subopt'), half-duplex design considering LDR ('HD Opt') and half-duplex design ignoring LDR ('HD Subopt'). Note that, by ''ignoring LDR'', we mean that all the terms in the rate objective regarding the transceiver distortions caused by LDR are neglected during the transceiver design, which is elaborated in Appendix C. Moreover, the details of 'HD Opt' are given in Appendix D. During our simulations, we set N s = N r = N t = N d = 4, P s = P t = 1, σ 2 r = −20 dB, σ 2 d = −15 dB, and κ s = κ r = κ t = κ d = κ. All the channels follow Rayleigh distribution, where the variance of self-interference channel is denoted by σ 2 rr and the variance of all other channels is set to 0 dB. Note that we compare the performance of FD and HD relaying using exactly the same set of parameters to ensure fairness.
We show the achievable rate of the above mentioned schemes versus σ 2 rr in Fig. 1 . It can be found that, when σ 2 rr increases, the performance of both FD relaying schemes gradually degrades due to the decrease in the SNR. When σ 2 rr exceeds 10 dB, the suboptimal FD relaying scheme 'FD Subopt' even performs inferior to the HD relaying schemes while the optimized FD relaying scheme 'FD Opt' can still achieve a remarkable gain over the HD relaying strategies. Furthermore, 'FD Opt' provides an evident gain over 'FD Subopt', particularly when σ 2 rr is large. This is due to the fact that LDR leads to additional self-interference which severely degrades the transmission rate of full-duplex relaying if neglected during the transceiver optimization. In fact, such explanation is also supported by the fact that incorporating LDR into the transceiver design results in a smaller rate gain for the half-duplex relaying where no selfinterference exists. The achievable rate performance of different transceiver designs versus κ, representing the strength of the transceiver distortions, is shown in Fig. 2 , where we set σ 2 rr = 8 dB. Clearly, for both optimized and suboptimal FD relaying strategies, the achievable rate decreases with the increasing of κ. Moreover, compared to the suboptimal FD relaying scheme, the optimized FD relaying scheme can improve the rate performance remarkably under different κ's because we take LDR into account when optimizing the transceiver. In particular, the performance gain becomes larger when κ increases. Similar observations also apply to the half-duplex relaying schemes.
We also simulate the achievable rate performance of the optimized FD relaying design by varying the number of antennas at the source, relay and destination, respectively. The simulation results are shown in Figs. 3-5 . Firstly, it can be observed from these figures that the achievable rate of optimized FD relaying increases when the number of antennas at any node increases, which is as expected since the array gain gets larger. Moreover, by comparing Fig. 4 with Fig. 3 and Fig. 5 , we find that increasing the number of antennas at the relay is most effective for enhancing the achievable rate of the proposed FD relay transceiver design. This is due to the fact that self-interference can be better suppressed with more antennas at the relay. The convergence behavior of Algorithm 1 is demonstrated in Fig. 6 . The notation 'Initial I' means initializing with the suboptimal scheme 'FD Subopt', while 'Initial II' refers to generating a feasible initial point randomly. It is observed from the figure that Algorithm 1 converges to the same value under both initialization methods and the convergence speed is quite fast. Finally, we show the complexity analysis results in Table I , where N FD and N HD represent the numbers of iterations required by 'FD Opt' and 'HD Opt', respectively. More specifically, for 'FD Opt', the major computation in each iteration origins from solving the SOCP problem in (20) . By referring to [20] , we obtain the complexity of solving this SOCP by O(N 3 t ). Both 'FD Subopt' and 'HD Subopt' require singular value decomposition (SVD). It has been pointed out in [21] that the complexity of performing SVD on an
'HD Opt' mainly involves matrix inversion operation whose complexity is O(N 3 ) with N being the matrix dimension.
V. CONCLUSION
We optimized the transceiver for full-duplex MIMO DF relaying by incorporating the effect of limited dynamic range in this paper. We developed a block coordinate ascent algorithm to address the design problem. The proposed algorithm iteratively solves three subproblems, which either admit a closed-form solution or can be equivalently transformed into an SOCP problem. The transceiver design for half-duplex relaying with hardware imperfection was also optimized as a benchmark. We validated the performance advantage of the proposed full-duplex relaying transceiver design via simulations.
APPENDIX A PROOF OF LEMMA 1
To verify (14), we first introduce the two lemmas as below. (13) must be active at optimality. Then, by applying the generalized Rayleigh quotient [19] , we obtain the optimal w * s by (14) . The optimal w * d in (15) can also be derived similarly and we omit the procedure for brevity. 
APPENDIX C SUBOPTIMAL TRANSCEIVER DESIGN VIA IGNORING LDR
By ignoring all the terms in the rate objective related to LDR, the original transceiver design problem reduces to
It is trivial to show that the optimal solution to the above problem has the following closed form: 
with (a) i denoting the ith entry of a. From (27), we know that R FD subopt is monotonically decreasing with κ, i.e., the strength of the transceiver distortions, which is intuitively true.
For half-duplex relaying, it is readily to show that the suboptimal scheme that ignores LDR is also given by (26). The corresponding achievable rate can be calculated by
which is also monotonically decreasing with κ.
APPENDIX D OPTIMIZED TRANSCEIVER FOR HALF-DUPLEX RELAYING WITH LIMITED DYNAMIC RANGE
The optimization problem for half-duplex relaying can be achieved by setting H rr = 0 in problem (12) , which gives (29), as shown at the top of this page. We also adopt BCA algorithm to address this problem. Different from the full-duplex case, we partition the variables into two groups {w s , w t } and {w r , w d }, and solve the corresponding two subproblems in each iteration of BCA. Specifically, according to Appendix A, the optimal solution to the first subproblem is obtained by (30) and (31), as shown at the top of the next page, whereα s = As for the second subproblem, we are able to achieve the optimal solution to w r and w d by (32) and (33), as shown at the top of the next page. He has co-authored over 80 refereed journal papers in addition to 25 granted patents. His research interests include cooperative communications, information theory, signal processing, and machine learning for wireless communications. He has been involved in technical program committees for many international conferences, including the IEEE Globecom, the IEEE ICC, the IEEE WCNC, the IEEE VTC, and the IEEE PIMRC. 
